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Abstract. The largest class of Riemannian almost product manifolds, 
which is closed with respect to the group of the conformal transforma- 
tions of the Riemannian metric, is the class of the conformal Riemann- 
^ ■ ian P-manifolds. This class is an analogue of the class of the conformal 

Cn ' Kahler manifolds in almost Hermitian geometry. The main aim of this 

P5 , work is to obtain properties of manifolds of this class with connections, 

whose curvature tensors have similar properties as the Kahler tensors 
in Hermitian geometry. 

Mathematics Subject Classification (2010). 53C05, 53C15, 53C25. 



^ 
^ 



o 

^SJ ' Keywords. Riemannian almost product manifold, Riemannian metric, 

almost product structure, linear connection. 



X 



1. Introduction 

A Riemannian almost product manifold {M, P, g) is a differentiable manifold 
M for which almost product structure P is compatible with the Riemannian 
metric g such that an isometry is induced in any tangent space of M. The sys- 
tematic development of the theory of Riemannian almost product manifolds 
was started by K. Yano in |13], where basic facts of the differential geometry 
of these manifolds are given. In |3] A. M. Naveira gave a classification of 
Riemannian almost product manifolds with respect to the covariant differ- 
entiation VP, where V is the Levi-Civita connection of g. This classification 
is very similar to the Gray-Hervella classification in [T] of almost Hermitian 
manifolds. Having in mind the results in [9 , M. Staikova and K. Gribachev 
gave in |11| a classification of the Riemannian almost product manifolds with 
trP = 0. In this case the manifold M is even-dimensional. 
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The geometry of a Riemannian almost product manifold {M, P, g) is a 
geometry of both structures g and P. There are important in this geometry 
the linear connections in respect of which the parallel transport determine 
an isomorphism of the tangent spaces with the structures g and P. This 
is valid if and only if these structures are parallel with respect to such a 
connection. In the general case on a Riemannian almost product manifold 
there are countless number linear connections regarding which g and P are 
parallel. Such connections are called natural in [5]. 

In the present work we consider the class Wi of conformal Riemannian 
P-manifolds (shortly Wi- manifolds) from the Staikova-Gribachev classifica- 
tion. It is valid Wi = W3 ® We, were Wa and We are basic classes from the 
Naveira classification. The class Wi is the largest class of Riemannian almost 
product manifolds, which is closed with respect to the group of the conformal 
transformations of the Riemannian metric. This class is an analogue of the 
class of conformal Kahler manifolds in almost Hermitian geometry. 

The main aim of the present study is to obtain properties of a Wi- 
manifold admissive a natural connection whose curvature tensor is a Rie- 
mannian P-tensor. The notion a Riemannian P-tensor, introduced in [7] on 
a Riemannian almost product manifold is an analogue of the notion of a 
Kahler tensor in Hermitian geometry. Natural connections whose curvature 
tensor is of Kahler type on almost contact B-metric manifolds are studied in 

i- 

The paper is organized as follows. In Sec. 2 we recall necessary facts 
about the Riemannian almost product manifolds, the class Wi, Riemannian 
P-tensors, natural connections. In Sec. 3 we obtain some properties of Rie- 
mannian P-tensors on a Riemannian almost product manifold. We obtain a 
presentation of such tensor on a 4-dimensional manifold by its scalar curva- 
tures and we establish that any 4-dimensional Riemannian almost product 
manifolds is an almost Einstein manifold with respect to a Riemannian P- 
tensor. In Sec. 4 we consider Wi-manifolds admissive a natural connection V' 
whose curvature tensor R' is a Riemannian P-tensor. The main result here is 
Theorem 14.11 where the associated 1-forms of manifold are expressed by the 
scalar curvatures of R'. We obtain properties of the manifold for the different 
cases from the classification of such connections given in [3] . We also discuss 
the cases when the manifold with such connection belongs to the Naveira 
classes Ws and Wg- In Sec. 5 we consider two cases of a 4-dimensional man- 
ifold with connections whose curvature tensors are Riemannian P-tensors 
and we obtain explicit expressions of the curvature tensor of the Levi-Civita 
connection in these cases. 



2. Preliminaries 

Let (Af , P, g) be a Riemannian almost product manifold, i.e. a differentiable 
manifold M with a tensor field P of type (1,1) and a Riemannian metric g 
such that P^x = x, g{Px, Py) — g{x, y) for any x, y of the algebra X(M) of 
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the smooth vector fields on M. Further x,y, z,u,w will stand for arbitrary 
elements of X{M) or vectors in the tangent space TcM at c g M. 

In this work we consider manifolds (M, P, g) with trP = 0. In this case 
M is an even-dimensional manifold. We assume that dim M — 2n. 

In [S] A.M. Naveira gives a classification of Riemannian almost product 
manifolds with respect to the tensor F of type (0,3), defined by F{x, y, z) = 
9 {(SxP) y, z) , where V is the Levi-Civita connection of g. The tensor F has 
the properties: 

F{x, y, z) = F{x, z, y) = -F{x, Py, Pz), F{x, y, Pz) = -F{x, Py, z). 

Using the Naveira classification, in [11 M. Staikova and K. Gribachev 
give a classification of Riemannian almost product manifolds (Af , P, g) with 
trP = 0. The basic classes of this classification are Wi, W2 and Ws- Their 
intersection is the class Wo of the Riemannian P -manifolds (|10|). determined 
by the condition P = 0. This class is an analogue of the class of Kahler 
manifolds in the geometry of almost Hermitian manifolds. 

The class Wi from the Staikova-Gribachev classification contains the 
manifolds which are locally conformal equivalent to Riemannian P-manifolds. 
This class plays a similar role of the role of the class of the conformal Kahler 
manifolds in almost Hermitian geometry. We will say that a manifold from 
the class Wi is a Wi-manifold. 

The characteristic condition for the class Wi is the following 

Wi : P(x, y, z) = ^{g{x, y)e{z) - g{x, Py)9{Pz) 

+ g{x,z)B(y) ~ g{x,Pz)B{Py)], 

where the associated 1-forni 6 is determined by 9{x) — g"^^ F{ei,ej,x). Here 
g*-' will stand for the components of the inverse matrix of g with respect to 
a basis {ci} of T^M at c G M. The 1-form 9 is closed, i.e. d9 = 0, if and 
only if (Vxd) y — {^ y9) x. Moreover, 6* o P is a closed 1-form if and only if 
{VJ)Py = {Vy9)Px. _ _ _ _ 

In [TT] it is proved that Wi = W3 © We, where W3 and We are the 
classes from the Naveira classification determined by the following conditions: 

W3: P(A,P,e) = i5(^,S)r(0, P(e,ry,A)=0, 
We: P(e,r7,A) = ig(e,ry)0''(A), P(A, 5,^=0, 

where A,P,^,r/ e X(Af), PA ^ A, PB = B, P( = -(, Pr] = -rj, r(a;) = 
i i9{x) - 9{Px)), 9^{x) = \ {9{x) + 9{Px)). In the case when trP = 0, the 
above conditions for W3 and We can be written for any x, y, z in the following 
form: 

W3 : Fix,y,z)^^{ [g{x, y) + g{x, Py)] B{z) 

+ [g{x,z)+g{x,Pz)]B(y)], 9{Px) = -9{x), 

We : Fix,y,z) = ^^{[g{x,y) - gix, Py)]9iz) 

+ [gix, z) - g{x, Pz)] B{y)], 9{Px) = 0(x). 
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In [TT], a tensor L of type (0,4) with properties 

L{x, y, z, w) = ~L{y, x, z, w) = -L{x, y, w, z), (2.1) 

L{x, y, z, w) + L{y, z, x, w) + L{z, x, y,w) ^0 (2.2) 

is called a curvature-like tensor. Such a tensor on a Riemannian almost prod- 
uct manifold {M, P, g) with the property 

L{x,y,Pz,Pw) = L{x,y,z,w) (2.3) 

is called a Riemannian P -tensor in [7j. This notion is an analogue of the 
notion of a Kahler tensor in Hermitian geometry. 

Let S' be a (0,2)-tensor on a Riemannian almost product manifold. In 
[11] it is proved that 

i^i{S){x,y,z,w) ^ g{y,z)S{x,w) - g{x,z)S{y,w) 

+ S{y, z)g{x, w) - S{x, z)g{y, w) 
is a curvature-like tensor if and only if S{x, y) — S{y, x), and the tensor 

i^2{S){x,y,z,w) ^ipi{S){x,y,Pz,Pw) 
is curvature-like if and only if S{x^ Py) — S{y, Px). Obviously 

'^2{S){x,y,Pz,Pw) = tl;i{S){x,y,z,w). 
The tensors 

are curvature-like, and the tensors tti -\- tt2, ttz are Riemannian P-tensors. 

The curvature tensor i? of V is determined by R{x,y)z = V^jVj^z — 
VyVxZ — V[x,y]Z and the corresponding tensor of type (0,4) is defined as 
follows R{x,y,z,w) = g{R{x,y)z,w). We denote the Ricci tensor and the 
scalar curvature of i? by p and r, respectively, i.e. p{y, z) ~ g^^ R{ei, y, z, Cj) 
and T — g"^^ p{ei, ej). The associated Ricci tensor p* and the associated scalar 
curvature r* of R are determined by p*{y,z) — g^^ R{ei,y,z,Pej) and r* — 
g^^ p*{ei,ej). In a similar way there are determined the Ricci tensor p{L) 
and the scalar curvature t{L) for any curvature-like tensor L as well as the 
associated quantities p*{L) and t*{L). 

In [8] , a linear connection V' on a Riemannian almost product manifold 
(M, P, g) is called a natural connection if V'P = V g = 0. 

In j2] it is established that the natural connections V on a Wi-manifold 
[M, P, g) form a 2-parametric family, where the torsion T of V' is determined 

by 

r(x, y,z)^^ {g{y, z)e{Px) - g{x, z)0{Py)} 
Zn 

+ X {.g(y, z)9{x) - g{x, z)9{y) + g{y, Pz)0{Px) - g{x, Pz)e{Py)} (2-4) 

+ // {g{y, Pz)e{x) - g{x, Pz)0{y) + g{y, z)0{Px) ~ g{x, z)e{Py)] , 
where A, /i £ M. 
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Let us recall the following statements. 

Theorem 2.1 ( 4 ). Let R' is the curvature tensor of a natural connection V 
on a yVi-manifold (M,P,g). Then the following relation is valid: 

R = R' - g{p,p)7Ti - g{q,q)Tr2 - g{p,q)Tr3 ~ ipi{S') - ip2{S"), 

where 

p^xn + {fi + ^Jpn, q^xpQ + pQ, g{n,x) = 0{x), (2.5) 

S'iy, z) ^ A (V;e) z + (a^ + 5k) (V;e) Pz 

+ ^^ {\e(Py)B{z) + iiQ{Pv)(){Pz)} . 



Theorem 2.2 ([T). Let R' be the curvature tensor of a natural connection V 
on a Wi-manifold {M,P,g) ^ Wa U We- Then the all possible cases are as 
follows: 

i) // V' is the connection D determined by X = ii = 0, then R' is a 

Riemannian P-tensor if and only if the 1-form 6 is not closed and the 

1-form 9 o P is closed; 
ii) // V is the connection D determined by X = 0. /i = —271' ^^^^ ^' *'^ 

a Riemannian P-tensor if and only if the 1-form 6 is closed and the 

1-form 9 o P is not closed; 
ill) //V is a connection for which X^—ji^ — -^ ^ 0, then R' is a Riemannian 

P-tensor if and only if the 1-forms 9 and 9 o P are closed; 
iv) // V' is a connection for which X ^ 0, A^— /i^ — ^ = and R' is a 

Riemannian P-tensor then the 1-forms 9 and 9 o P are not closed. 

Let us remark that the connection D determined by A = /.t = is 
investigated in [3]. 



3. Some properties of the Riemannian P-tensors on 
Riemannian almost product manifolds 

Lemma 3.1. Let L be a Riemannian P-tensor on a Riemannian almost prod- 
uct manifold {M,P,g). Then the following properties are valid: 

L{x, Py, Pz, w) = L{Px, Py, z, w) = L{x, y, z, w), (3.1) 

L{Px, y, z, w) = L{x, Py, z, w) — L{x, y, Pz, w) — L{x, y, z, Pw). (3.2) 

Proof Equahties dUI]), ^^ and (US]) imply 

L{Px, Py, z,w) — L{x,y,z,w), (3-3) 

and the following equality follows from ()2.2p and p.3p : 

L{x, Py, Pz, w) = —L{y, z, x, w) — L{z, Px, Py, w). 
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In the latter equality, we substitute Px and Py for x and y, respectively. 
Then, according to (I3.3p . we obtain 

L{x, Py, Pz, w) = —L{Py, z, Px, w) — L{z, x, y, w). 



The summation of the latter two equalities, bearing in mind (j2.2p and (|2.3|) . 
implies L{x, Py, Pz,'w) = L(x,y, z,w). Equalities p. II) follow from the last 
equality and ^^ as well as dXU — from d^T]) and (H^. D 

Theorem 3.2. A curvature-like tensor L on 4- dimensional Riemannian almost 
product manifold is a Riemannian P -tensor if and only if L has the following 
form: 

L = i{T(i)(7ri+7r2)+T*(i)7r3}. (3.4) 

Proof. Let i be a Riemannian P-tensor on a 4-dimensional Riemannian al- 
most product manifold {M, P, g) and {Ei,E2, PEi, PE2] be an orthonormal 
adapted basis (P^) of TcM, c & M. Taking into account (|2.3p and Lem- 
ma 13. 1[ we obtain that the non-zero components of L are expressed by the 
sectional curvature v = L{Ei,E2,Ei,E2) of the 2-plane {Ei,E2} and its 
associated sectional curvature 1/* = L{Ei, E2, Ei, PE2)- 
Let the arbitrary vectors x, y, z, w have the form 

X = x^Ei + x'^E2 + x^PEi + x*PE2, 

y = y^Ei + y^E2 + y^'PEi + y^PE2, 

z = zJEi + z'^E2 + zJPEi + zJPE2, 

w = w^Ei + w'^E2 + w^PEi + w'^PE2. 

Taking into account the linearity of L, equalities (|2.ip . ()2.3p and Lem- 
ma [SHI we get 

L{x, y, z,w) — V {a(x, y)a(z, w) + h{x, y)h(z, w)} 



-\- V* {a(x, y)b{z, w) A- b{x, y)a(z, w)} , 



(3.5) 



where 



a{x, y) = x^y^ -\- x^y'^ — x^y^ — x'^y^ , 

h{x, y) = x^y'^ + x^y^ — x^y^ — x'^y^. 
Since the basis {Ei,E2,PEi,PE2} is orthonormal, the following equalities 
are valid 

(tti -I- 7r2)(a:, y, z, w) = ~a{x, y)a{z, w) - b{x, y)h{z, w), 

TTz{x, y, z, w) = -a{x, y)b{z, w) - h(x, y)a(z, w) 
and then (13. 5p takes the form 

L{x,y,z,w) = -v{tti + TT2){x,y,z,w) - v*TT3,{x,y,z,w). (3.6) 

Equality p.6|) implies the following form of the Ricci tensor of L: 

p[L){y, z) = -2ug{y, z) - 2v*g{y, Pz). (3.7) 

Then we obtain the following formulae for the scalar curvatures of L: 
t{L) = -%v, T*{L) = -8iy*. 
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Thus, p.6p implies 

Vice versa, let i be a curvature-like tensor of the form p.4p . Then, 
according to tti + 7r2 and n^ are Riemannian P-tensors, the tensor L is also 
a Riemannian P-tensor. D 

Bearing in mind |10) , a 2-plane a G TcM of a Riemannian almost prod- 
uct manifold (Af , P, g) is called totally real (respectively, invariant) if a and 
Pa are orthogonal (respectively, a and Pa coincide). By Lemma l3. II we es- 
tablish that all totally real basic 2-planes in the orthonormal adapted basis 
{Ei,E2,PEi,PE2} have a sectional curvature v = L(£'i,_E2,-Ei, £'2) with 
respect to the Riemannian P-tensor L and the invariant 2-planes have zero 
sectional curvatures with respect to L. 

Since equality p.7p for a Riemannian P-tensor L implies 

p{L){y, z) = i {T{L)g{y, z) + T*{L)g{y, Pz)} , 

the manifold (M, P, g) is almost Einstein with respect to L. 
So, the following statement is valid. 

Proposition 3.3. Each 4-dimensional Riemannian almost product manifold is 
almost Einstein, which is of point-wise constant totally real sectional curva- 
tures and zero invariant sectional curvatures with respect to arbitrary Rie- 
mannian P-tensor. 



4. Wi-manifolds with a natural connection whose curvature 
tensor is a Riemannian P-tensor 

It is known ( 5 ), that the curvature tensor of a linear connection V with 
torsion T satisfies the second Bianchi identity 

6 {iV,R')iy,z,u) + R'iT{x,y),z),u}^0, (4.1) 

x,y,z 

where 6 is stand for the cyclic sum by a;, y, z. 

x,y,z 

Now, let V be a natural connection on Wi-manifold {M,P,g). Because 
Vg = 0, equality (|4.1|) implies 

6 {{V^R')iy,z,u,w) + R'iT{x,y),z,u,w)} = 0. (4.2) 

x,y,z 

Using (12.41) for the torsion tensor T of type (1,2) of V', we have 
T{x, y) = ixd{x) +L + l-\ e{Px)\ y + [X0{Px) + fie{x)] Py 

\6{y) + (^^ + i-^ 0(Pj/)| X - [\6{Py) + ^i6{y)] Px, 

which implies immediately 

Tix, y) - PT{Px, y) = ^ {B{Px)y - e{x)Py} . (4.3) 

III 
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Let the curvature tensor R' of V be a Ricmannian P-tensor. 
In ()4.2|) . we substitute Px and Pw for x and w, respectively. Then, we 
subtract the result equality from (|4.2[) . Using Lemma [3. II for i?', we get 

{V,R') (y, z, u, w) + R' {T{x, y) - PT{Px, y),z, u, w) 

- {V'p^R') {y, z, u, Pw) - R' {T{x, z) - PT{Px, z),y, u, w) = 0. 

Hence, applying Lemma [XTl the property (I4.3P and the linearity of R' , 
we obtain 



i^xR') iVi z, u, w) - iy'p^R') {y, z, u, Pw) 

+ - {e{Px)R'{y, z, u, w) ~ e{x)R'{y, Pz, u,w)} = 0. 



(4.4) 



Let R' have a Ricci tensor p' and scalar curvatures r' and r*'. 
Applying a contraction by g^^ to y = Ci and w = Cj, from (J4.4I) we get 

{VJ) (z, u) - {SI'pJ) {z, Pu) + - {e{Px)p'{z, u) - e{x)p'{Pz, u)} = 0. 



After that, applying a contraction by g^'^ to z = e^ and u = eg, we have 



dr'ix) - dT*'(Px) + - {9(Px)t' - e(x)T*'} = 0, 
n 



which implies 



dr'iPx) - dT*'{x) + - {9{x)t' - 9{Px)t*'} = 0. 



(4.5) 



(4.6) 



Equalities (14. 5p and (|4.6p determine a linear system for the 1-forms 9{x) 
and 9{Px) with a determinant A = (r*')^ - (r')^. 

4.1. Case (M, P, g) ^ W3 U We 

In this case, for the considered Wi-manifold is valid 9{x) 7^ ±9{Px). 

Let A 7^ 0, i.e. \t*'\ ^ |t'|. Then the linear system has the following 
solution: 



Hx) 



din 



9{Px) = -<jdln 



(x)-dln (T*f -(r')' (Px)L 



(Pa;)-dln (r*')' - (r')' [x] 



(4.7) 



r"' - T' 
Let A = 0, i.e. \t*'\ = |r'|. Then, from (|4~5l) we have 

r' {6l(Px) - e6l(a;)} = n {edT\x) - d9'{Px)} , e = ±1. 
Thus, for t' ^ Q the following equalities are valid: 

6l(Pa;)-e'(a;) =n {din r' (a;)- din t'(Px)} for t' = r* V 0, 

6l(Pa;) + e'(a;) = -n{dlnr'(x) +dlnT'(Pa;)} for t'^-t*'^0. 
Hence we establish the truthfulness of the following 



(4.8) 
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Theorem 4.1. Let the curvature tensor R' of a natural connection V' on a 
Wi-manifold {M,P,g) ^ VV3 U Wg ^s a Riemannian P -tensor with scalar 
curvatures t' and t*' . Then for the 1-forms 9 and 9 o P are valid equalities 
(1471) for \t*'\ ^ \t'\ and equalities gH) for \t*'\ = \t'\ ^ 0. 

From Theorem 12.21 and Theorem 14.11 we obtain the following 

Theorem 4.2. Let the curvature tensor R' of a natural connection V' on a 
yVi-manifold {M,P,g) ^ Wa U We is a Riemannian P -tensor with scalar 
curvatures t' and t*' . Then 

i) For the connection SJ' = D determined by X — fi = 0, are valid the 
properties: 

a) Lf \t*'\ ^ \t'\, then din 7^7^77 o P is a closed 1-form; 

b) If \t*'\ = \t'\ ^ 0, i.e. T*' = er' ^ (e = ±1), then we have 
d6' = £nd(dlnr'oP). 

ii) For the connection W' — D determined by \ = and M = ^^; o,fs valid 
the properties: 



a)If\ 



^ 



then d In 



P is a closed 1-form; 



b) If \t*'\ = \t'\ ^ 0, i.e. T*' ^ er' ^ {e = ±1), then we have 
d6'oP = £7id(dlnr'oP). 



iii) For the connections V determined by X^ 
properties: 



2n 



= 0, are valid the 



a) If\T*'\ ^ \t'\, then d\n 



T*' —t' 



o P and d In 



ir*r - (rr 



o P are 



closed 1-forms; 

b) If I''"*'! = I''"'! 7^ 0, then dlnr' o P is a closed 1-form. 

Proof. Let V' is the connection D determined hy X — fi = 0. Then, according 
to Theorem l2.21 the 1-form 9oP is closed. If |r*'| 7^ |r'|, then by virtue of The- 
orem l4.1l are valid equalities (|4.7|) . We differentiate the second equality of (|4.7p 



oP 



0, 



and because of d0 o P = and d o d = 0, we obtain d I d In 

i.e. the property a) from i) is valid. If |t*'| = |r'| ^ 0, then by virtue of 
Theorem 14. II are valid equalities ()4.8p . After that by a differentiation we have 
d9 = end (dlnr' o P), i.e. the property b) from i) is valid. 

In a similar way we establish the properties from ii) and iii) . D 

4.2. Case (M, P, g) e W3 U We 

In this case, for the considered Wi-manifold is valid 9{x) = ±6{Px). 

Theorem 4.3. Let the curvature tensor R' of a natural connection V' on a 
Wi-manifold {M,P,g) G W3 U Wg is a Riemannian P -tensor with scalar 
curvatures t' and t*' . Then 

i) For (M, P, g) £ W3 the following properties are valid: 

a) // |t*'| ^ \t'\, then d (r*' — t')o P is a closed 1-form and the 1-form 

9{x) has the form 

Tl 
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b) If T*' — t' ^0, then the 1-form 9{x) has the form 

77 

e{x) = - {din \t'\ [x) - din \t'\ (Pa;)} , 

and if T*' = — r' ^ 0, then dr' o P is a closed 1-form. 
ii) For (M, P, g) e Wg the following properties are valid: 

a) If \t*'\ y^ \t'\, then d (t*' + t') o P is a closed 1-form and the 1-form 
9{x) has the form 

77 

e{x) =. {din \t*' - t'\ {x) + din \t*' - t'\ {Px)} ; 

b) If\T*'\ ^ \t'\ ^ 0, then dr'oP is a closed 1-form and ifr*' = -t' =^ 0, 
then 1-form 9{x) has the form 

n 
0{x) = -- {din \t'\ (x) + din \t'\ (Px)} . 

Proof Let {M,P,g) e W3, i.e. e{Px) = ~9{x). Then, according to (gH), it 
is follows 

dix) (t*' + T') = n {dT*'{x) - dT'(Px)} . (4.9) 

Hence, for |r*'| ^ \t'\ we obtain the equalities 

which imply the property a) from i). 

If \t*'\ = \t'\ ^ 0, then (14. 9p implies the property b) from i). 

In a similar way, if {M,P,g) G We, i.e. 9{Px) ~ 9{x), then (14. 6p implies 
the property a) and b) from ii). D 



5. Two cases of 4-dimensional Wi -manifolds 

According to Theorem 12.11 and Theorem 13.21 we obtain the following 

Theorem 5.1. Let the curvature tensor R' of a natural connection V' on a 
4-- dimensional Wi-manifold {M,P,g) is a Riemannian P-tensor with scalar 
curvatures t' and t*' . Then the curvature tensor R of the Levi-Civita con- 
nection has the following form 

R^l {^'(^1 + ^2) + r*V3} - MS') - MS") 

8 (5.1) 

- g{p,p)T^i -.9(9, 9)7^2 - g{p,q)Tr3- 

Further we consider the cases when V' is the connection D or the con- 
nection D. 
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5.1. Case V = D 

Let V be the natural connection £> on a 4-dimensional Wi-manifold (Af , P, g) 
whose curvature tensor R' is a Riemannian P-tensor. Taking into account 
that A = /i = and n = 2, from (P3]) . ([^ and (^7)) we have 

Sb,p) = ^, .9(9,g)=.9(p,9)-0, 5'(y,z) = ^^^^^, 5"(y,z) = 0. 
Then from (|5.ip we obtain the relation 

^ = 1 {r'(^i + TTa) + r*V3} - ^TTi - MS'). (5.2) 

8 16 

which impUes immediately 



16 

^ - 6tr5', r* = r*' - 2tr5', (5.3) 

where 5^'(y,z) = 5'(y,Pz). 

In [3], it is get the equality 

Dyz - Vyz + i- {g(y, z)Pn - e{Pz)y} . 

From the latter equality, we obtain the following 

{DyO) z = {VyO) z + 1 {e{y)e{Pz) - g{y, z)e{pn)} . 

Then S" is expressed as follows: 

S'{y, z) = i {VyO) Pz + 1 {e{y)e{z) - g{y, Pz)9{Pn)} . 

Hence, the following equalities follows immediately: 

where divJl is stand for the divergence of ft. 
The equalities ()5.3p and (|5.4p imply 

, BdivPfl 96'(rj) ^, ^ divrj 36i(Pf]) 

"=" + ^^ + ^' "="+^ —■ 

By virtue of (|5.2p and (|5.5p we obtain the truthfulness of the following 



(5.5) 



Theorem 5.2. Lef {M,P,g) be a 4-dimensional Wi -manifold. If {M,P,g) 
admit the natural connection D determined by X — fi = whose curvature 
tensor is a Riemannian P-tensor, then the curvature tensor R of the Levi- 
Civita connection has the following form 

P = ^ {4t + 6dWPn + 3e{n)} (tti + ttz) 

+ -Ta {8^* + 4divfi - 30(Pf7)} ^3 - ^^1 - MS')- 
64 16 
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5.2. Case V = D 

Let V be the natural connection D ona 4-dimensional Wi-manifold (M, P, g) 
whose curvature tensor R' is a Riemannian P-tensor. Taking into account 
that A = 0, /Lt = -i and n = 2, from (^31) . (1^ and (1^ we have 



9{P,P) ^ 9{p,q) ^0, g{q,q) ^ —0{n), 

S'iy, z) - ^e{y)e{z), S"iy, z) = -i (byO) Pz - l^e{Py)e{Pz 
Then from (15.11) we obtain the relation 



(5.6) 



R=\ {r'(7ri + 712) + t^'tts} - ^^^^ _ ^^l(5') + ^^{S"), (5.7) 

which implies immediately 

p = p' + ^Mg _ trS".g - 25' - tr5"g + 25"', 
16 ■ ■ 

^ = / + ^M_6tr5' + 2tr5", r* = r*' - 2tr5' - 2tr5", (5.8) 

where ^(y, z) = g(y, Pz) and 5"(y, z) = S"{y, Pz). 

According to [2j, we have D = V + Q, where Q{x,y,z) — T{z,y,x). 
Then, using p.4p . A = 0, /x = — ^ and n = 2, we get 

5,z = Wyz + i {0(z)Py - g{y, Pz)e{n)} , 

which implies 

(DyO) z = {Vy0) z - i {e{z)e{Py) - g{y, Pz)e{n)} . 

Then we obtain the following expression of 5": 

5"(y, z) - -1 (VyO) Pz - ^giy, z)0(17). 

The latter equality and the first equality of (|5.6p imply 



tr5' = ^, tr5' = ^™, 

16 16 

^^^„ ^ _ divPl^ + 0(17) ^^~ divf] 

4 ' 4 ' 



(5.9) 



From equalities (|5.8p and (|5.9p we have 

t' = t + ^— + — p, r*' = r* - ^- + ^^. (5.10) 

By virtue of (|5.7p and (|5.10p we obtain the truthfulness of the following 
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Theorem 5.3. Let {M,P,g) be a ^-dimensional Wi-manifold. If{M,P,g) 
admit the natural connection D determined by \ — and /i = — ^ whose 
curvature tensor is a Riemannian P-tensor, then the curvature tensor R of 
the Levi-Civita connection has the following form 

R^ —{8t + MivPn + 5e(n)} (tti + TTa) 
64 

+ il i^^* " 4div^ + ^(™)} ^3 - ^^2 - ^i(^') - MS")- 
64 16 
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